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TECENICA.'_L NOTE 3736

POISSON'S RATIOS AND VOLUME CHANGES FOR
PLASTICALLY ORTHOTROPIC MATERIAT,

By Elbridge Z. Stowell and Richard A. Pride
SUMMARY

Measurements of Poisson's ratios have been made in three orthogonal
directions on aluminum-alloy blocks in compression and on stainless-steel
sheet in both tension and compression. These measurements, as well as
those obtained by density determinations, show that there is no permanent
plastic change in volume within the accuracy of observation. A method is
suggested whereby a correlation may be effected between the measured indi-
vidual values of the Poisson's ratios and the stress-strain curves for the
meterial. Allowance must be mede for the difference in the stress-strain
curves in tension and compression; this difference, wherever it appears,
is accompanied by significant changes in the Poisson's ratios.

INTRODUCTION

Probebly there has never existed a block of metal in which all three
stress-strain curves in the principal directions were precisely identical.
Most metals, even if they appear to be isotropic in the elastic region,
hardly ever strain-harden to exactly the same degree in all directions.
The very process by which the block was fabricated almost always insures
that the properties in one direction will be different from the properties
in some other direction. This conclusion is borne out by recent tests on
six aircraft materials, all of which became anisotropic in the plastic
range (ref. 1). The result is that, even though Young's modulus and
Poisson's ratio may be independent of direction when the metal is stressed
elastically, anisotropy will appear when the metal is stressed plastically.
The effect of this anisobropy is to distort the behavior of the metal in
the plastic region from that predicted on the usuval basis of isotropy.

The differences are not small; errors of 50 percent or more In strains
would not be uncommon when anisotropy is neglected.

Several investigators have made measurements of the Polsson's ratios
for aircraft msterials in tension when stressed into the plastic range.
The six eircreft metals in sheet form studied in reference 1 all exhibited
anisotropy; that is, the Poisson's ratios veried with direction in the
plane of the sheet. The values ranged from a minimum of 0.222 for mag-
nesium to a maximum of 0.768 for commercially pure titanium.
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Jackson, Smith, and Lenkford (ref. 2) studied the anisotropy of
sheet steel in the plastic range and measured the four Poisson's ratios
associated with the two principal directions in the plane of the sheet.
Theilr primary interest was in extension of the theory of plasticity to
include the effects of anisotropy, but one of their conclusions was that
the ratio of the two values of Polsson's ratio for each loading condition
was a constant in the far plastle range.

The plastic anisotropy of thick 2024-T4 gluminum-alloy plate was
studied by Klingler and Sachs (ref. 3). The plate was, sufficiently thick

(l-]é'- :anhes) so that stress-strain curves could be obtained from specimens

cut In the thickness direction. The six Poisson'’s ratios assoclated with
the three principal directions were measured. The conclusion was likewise
reached that the ratio of the two Poisson's ratios for any one loading
condition was a constant in the far plastic range. Klingler and Sachs
called attentlon to the fact thaet the stress-strain curves differed com-
paratively little in the three principel directions; this condition indi-
cated that stress-strain curves in themselves are not a reliasble guilde to
the emount of anisotropy present.

McEvily and Hughes (ref. 4) have shown that Poigson's ratio in the
plastic range can be computed from a knowledge of the crystallographic
anisotropy and the slip systems present in the crystals. From an engi-
neering point of view, it is more convenient to use, instead, the stress-
strain curves for the material, which reflect the stetistical effeect of

the crystallographie¢ enisotropy.

These experimental studies, although ylelding data of conslderable
interest, were not sufficient in themselves to provide the required cor-
relation between the Poisson's ratios and the properties of the meterials
as shown by thelr stress-strain curves. The above considerations led the
National Advisory Committee for Aeronautics to devise a series of meas-
urements of Polsson's retlos which would be sufficiently complete to indi-
cate the connection between the stress-strain curves in the principal
directions and the amount of anisotropy as evidenced by the values of the
Poisson's ratlios. These tests included compression loading as well as
tensile loading and were not confined to sheet materials. In this way 1t
was hoped that enough information sbout the materials chosen, namely,
2024-Tht gluminum elloy and 301 stainless steel, could be obtained to over-
come the deficiencies of the tests reported in the literature.

The present report gives the results of the tests and semliempiriecal

formulas which connect the values of the Polsson!s ratios with the stress-
strain curves for the materials.
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SYMBOLS
X,¥,2 coordinate directions of orthotropy
€ strain
o stress
E ) Young'!s modulus
B Poisson's ratio in plastic range
v Poisson's ratio in elastic range
X,Y,2 auxiliary functions defined in appendix
Eg secant modulus
Subscripts:
c compression
t tension
Xy¥,2 on €, 0, eand E, symbols denote direction; on p and v,

first subscript denotes loading direction and second sub-
script denotes transverse strain direction

EXPERIMENTAL PROCEDURE

When an experimental program to provide accurste date on plastic
anisobtropy wes planned, specimens were required which would permit accu-
rate longitudlinal and transverse straln measurement in the elastic and
small plastic strain region.

Six compression specimens (1 inch by 1 inch by 3 inches) were machined
from 3& - inch-thick plate of 2024-Th gluminmum alloy. Duplicate specimens

were taken with the 3-inch axis parsllel to each of thiree principal direc-
tilons: +the direction of rolling for the plate hereafter is referred to by
the subsecript xj; the direction perpendicular to the rolling direction but
in the rolling plane is hereafter referred to by the subscript y; and the
direction perpendiculer to the rolling plene is hereafter referred to by
the subscript 2z. Orientation was maintained by keeping the coordinate
system of the originsl plate seribed on the faces of the specimens through-

out all stages of machining. Six tension specimeﬁs s % inch diemeter by
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J.E inches long in the test section with an overall length of 3 inches,

were machined from the seme 2024~Tl4 aluminum-alloy plate with the same
orientation as the compression specimens.

Tension and compression specimens machined fram type 301 stainless-

steel sheet -]% inch thick were of a different configurstion. In the

plane of the sheet, six rectangular compression specimens (2.52 inches long
by 0.80 inch wide) were taken parallel to the x~-axis and six parallel

to the y-axis. These specimens were tested in a fixbture which supported
the sides against buckling. Two tensile specimens were machined from the
flat sheet in the x-direction and two in the y-direction. These specimens
were % inch wide by 2-;- inches long in the test section with an overall
length of 9% inches.

Porty-six rectangular pieces % inch by 1 inch were mechined from the

stainless-steel sheet to be used in a stack test to determine the com-
pression stress-strain curve in the z-direction. The flats of these
pieces were rubbed lightly over No. 400 sandpsper to remove edge burrs
and surface lrregularities.

Special strain-measuring equipment employing linear varisble-
differential transformer-type gages was designed for these tests so that
accurate direct measurement of straein in any direction could be made,
Figure 1 shows a typicel instrumentation for the eluminum-elloy compres-
sion blocks. Displacements in the direction of loading were picked up
by two extensometers with knife edges. Displacements perpendicular to
the direction of loading were picked up by two transverse extensometers
with gage points. The extensameters were suspended in their proper posi-
tions and held against the speclimen with light, elastic clamping forces.

Electrical output from the transformer units proportional to gage
point displacement was amplified and fed into s multichannel recorder.
Continuous records were obtained of load and individual strains simulta-
neously. This instrumentation permitted the recording of strain readinge
of 0.00001 inch per inch with errors of less than 2 percent.

No attempt was made to measure the transverse stralns on the %‘-- inch-

diameter aluminum tensile specimens. The displacements involved were too
small to be measured with the seme degree of accuracy as the compression
test strains without a complete redesign of the strain-measuring equip-
ment. However, strains in the direction of applied load were measured in
the same way as in the compression tests and with compargble accuracy.

Instrumentation for the staintess-steel sheet specimens was similar to
thet for the aluminum-alloy compression tests. Figure 2 is a photograph of a
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typical compression test on a sheet specimen. Iongitudinel stralns were
measured by the same knife-edge extensometers mounted on the edges of the
specimen which extend slightly beyond the side supports. Transverse dis-
placement was measured by a single gage-point extensometer also mounted
on the edges of the specimen. No attempt was made to measure the trans-
verse displacements in the z~direction because of their extremely small
magnitude.

Measurements comperable to those made In compression were also made
in tension on the stainless-steel sheet. Again no attempt was made to
measure the displacements in the z-direction.

Four knife-edge extensometers were used to measure strains in the
direction of loading on the stack compression test for the stainless-
steel sheet in the z-direction. A small initial load had to be placed
on the stack to hold it in place while the extensometers were mounted.
No transverse displacements were measured in either direction on the
stack. Loads were applied in standard hydraulic testing machines with
errors of less than *0.50 percent.

The total volume of the aluminum-alloy compression specimens was
determined before and after testing in order to check on the amount, if
any, of plastic volume change. The volume determination was obtained
by weighing with a precision analytical balance. Weights of the test
specimens in air and submerged in distilled water were taken and correc-
tions were made for air temperature, water temperature, and weight of
supporting wire. Specimen weights in air were of the order of megnitude
of 140 grams and were determined on the balance to a least reading of
0.0001 gram. The accuracy of the balance was estimated to be epproxi-
mately 0.0020 gram.

FORMULAS FCR THE-SUMS OF THE POISSON'S RATIOS

Consider a block of metal which is isotropic in the elastic range
and thus in this range possesses a single elastic modulus E and & sin-
gle Poisson's ratio v. When this block is stressed in some direction
(for example, the direction of x) by a stress o, in the plastic range,
the elastic modulus E becomes the secant modulus E,, and the elastic
Poisson's ratio v by virtue of the plastic anisotropy splits into two
plestic Poisson's ratios My and p,,. (The directions of x, Y,

and 2z are taken to be the principasl directions of orthotropy.)

The stress~strain relations which describe this situation are
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€ -
« g
T 3 | (1)
¥ o E,
Ox
€z = ~Hyz E;

where €, €ys and €, are the strains in the X-, y=-, and z-directions.
Addition of these equations gives

ex+ey+ez=(l-|,vxy—uxz);-—§ (2)

But e, + €y + € is the change in volume, which is assumed to be always
elastic, and

l-2v
€t &yt e =T 0x (3)

When the two expressions for volume change are equated, there results

Pxy * Bxz 1 1 -2v
— 5 & E® (he)

For loading in the y- or z-directions, two similar equations are obtained:

pyz+”yx=i_l-2v (’-l-b)
5 B E

”_Zx;_“Z_X:El__}_:;ﬂ (ke)
2 Z

If the block should happen to remain isotropic when stressed into

the plastic range uxy =H, =K and E, = Ey = E, = Eg; equation (4a)
then becomes e formula for the computation of Poisson's ratio for an
isotropic material and is

p=%-@-g% (5)

This formula has appeeared in reference 5.
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RESULTS AND DISCUSSION

Stress«Strain Curves

Figure 3 presents both compression and tension stress-strain curves
for the three directions of loading on 2024-T4 alumimm-alloy plate. The
curves represent the average of the two tests in each direction. Maxi-
mm stress deviation from average wes less than 0.50 percent.

Compression and tension stress-strain curves for type 301 stainless-
steel sheet are given in figure I. The solid curves represent averages
of six tests each in the x- and y-directions in compression and two tests
each in the x- and y~directions in tension. Maximum stress deviation
from average was less than 3 percent. In order ‘to obtain the stress-streain
curve in the z-direction, 46 pieces of the material were arranged in a
stack. Even though the initial strains were widely different at different
parts of the stack, the average strains gave an elastic modulus in the
z-direction which differed from the elastic modull in the x- and in the
y-directions by only 2 percent. At larger strains, the strain distribu-
tion became uniform. Since the strains were measured over 16 pieces, it
is felt that the resulting material is representative of the z-direction.
The z-curve in tension was computed to accompany thé z-curve in compres-
sion by a method described in the appendix.

Poisson's Ratio Measurements

The solid curves of figure 5 show the average of the experimental
values of the six Poisson's ratios for the 2024-T4 aluminum-alloy blocks
in compression. The first of the triple subscripts denotes the direction
of loading; the second, the direction of transverse strain measurement;
and the third, whether the loading was compression or tension. The solid
curves of figure 6 show the average of the experimental values of the four
Poisson's ratios in the plane of the 301 stainless-steel sheet. The dashed
curves in figures 5 and 6 show values of Poisson's ratio computed by a
method suggested in the appendix.

Measurements of Volume Change
The measurement of volume change as & result of plastic straining
wes made in two ways: by direct measurement with an analytical balance,
and indirectly by a test of the validity of equations (4) which were
derived on the basls of no volume change.

The direct measurements indicated a permanent change in volume within
the accuracy of measurement (0.01 percent) and thus cannot be considered

e ———— . —




8 ) NACA TN 3736

as showing any positive change. These results confirm those of Smith
(ref. 6), who observed density changes in six metals following the appli-
cation of large compressive stress. The changes proved to be of the order
of a few hundredths of 1 percent, and duplicete tests sometimes resulted
in positive, and sometimes negative, changes. Permanent volume changes
were concluded to be negligibly small.

Figure T shows a comparison of experimental and calculated volume-
change functions for 2024-T4 aluminum-alloy blocks. The points represent
values of the left-hend side of equetions (4), of which all quantities are
experimentally determined. The curves give values of the right-hand side
of equations (4), of which all quantities are computed from the stress-
strain curves and from the elastic constants. It may be concluded that
equations (4) hold with very high accuracy and that the underlying assump-
tion of no plastic volume change is strictly confirmed.

Discussion of Cross-Relations Among Ratios of
Poisson's Ratio to Modulus

Figure 8 shows the result of comparing the sum.

Exye | Pxyt

+ —

Exe Exg

with the sum

Ryxc + Hyxt

Bye Byt

at the same stress. (Other criteria besides equality of stress are, of
course, possible.) It is seen that the two sums are nearly equal even
though the individual terms vary widely; that is,

Hxye ¥ vt - Hyxe | Hyxt
Exe Ext Eyc Ey’l:
A relation similar to the preceding relation is found in the linear theory

of elasticity for a material which l1s elastically orthotropic. If, for
exsmple, the material possesses elastic moduli Ey and Ey in the x-

and y-directions with corresponding Poisson's ratios Vxy and Vyx? then

Yy _ Yyx

I
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Because no distinction has been made between compression and tension,
the equation contains only two terms instead of four as in the relation
for the plastic case.

CONCLUSIONS

Measurements of Poisson's ratios have been made in three orthogonal
directions on aluminum-alloy blocks in compression and on stainless-steel
sheet in both tension and compression. From these measurements the fol-
lowing conclusions mey be made:

1. There is no permanent change of volume in the metals tested after
stressing into the plastic range.

2. For any one plene of orthotropy, for exsmple, the xy-plane, fhe sum
of the values of the ratio of Poisson's ratio to Young's modulus pyy /By

in compression and in tension is equal to the sum of the values of the
ratio of Poisson's ratio to Young's modulus l-‘y'x/Ey in compression and

in tension. This equality represents an extension of a similar relation
found for meterlals which .are orthotropic in the elastic range.

5. The correlation of the values of the Poisson's ratios with the
stress-strain curves as suggested in this paper will pres&ably be sub-
Ject to future testing on these and on other materials. Such a correla-
tion, however, appears to be possible.

Langley Aeronauticel Leboratory,
Nationsal Advisory Committee for Aeronautics,
Langley Field, Va., April 26, 1956.
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APPENDIX

SUGGESTED FORMULAS FOR POISSON'S RATIOS FCR A

PLASTICALLY ORTHOTROPIC MATERIAL

The results of figure T show that

ey + Mgz _ 1 1 - 2V)
Ex  Ex E
+
_...____I.Lyz l-'-‘yx=i_—]_..2v’ . (Al)
B B E
Mpx + Mgy _ 1 _1-2v
E, E, E |

where E i1s the common elastic modulus, and E,, Ey, and E, are secant
moduli in the x-, y-, and z-directions.

Furthermore, if the material properties differ in compression and in
tension, figure 8 'seems to indicate that, at the same stress,

”JWC_'_“!W"::‘jrxc_i_"'yxt (A2)
Bxe  Ext  Bye By

with similar equations for the yz-plane and for the xz-plane.

The assumption is made that, if, after loading in the x-direction,
the value of ”xy differs from the value of Mg 2 it is because the

material properties in the y-direction are different from the properties
in the z-direction. This assumption is given in analytical form as

I.-Lx}r:l.-%mv-l-:['.l__..']a.
Be I, E \E E

Pz _ 1 _%"V_f(l 1)

-

> (a3)

E, 2B E Ey E,
L

where f is a functional symbol. The difference IJ:; -

is a measure

of the amount of orthotropy present.
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When the properties in compression are different from those in ten-
sion, the preceding relastions may be extended to take account of the
difference in properties as follows:

l -~
u ==V
e . 1 2 + £
Eye ZExe @ E

[ (ak)

Ext vt E

& 1 B-¥ 1 2
Mz _( )

C ZC,

Eight similer relastions may be written for loeding in thé y- and
z~directions.

Substitution of expressions (A4) into equation (a2) gives for the
Xy-plane

B "
xyc+2cy't=]§.(zl+l 1e2v, ofl 2\, L L\ (a58)
Exe  Ext xc  Ext E Ezt c Ege

Similarly,

byxe  Pyxt _1(1 1)_1-2v_f(¥1 ) 1)_f<El___}__) (A5b)
Eye Byt 28pe Byt E 2t Ext ze  “xq

for loading in the y-direction. These expressions will be equal provided

£(m) =I-2-

where m represents any one of the four modulus differences.

When these values of the f-functions are introduced into equa-

tions (A3), the % retios take the form




& -
"’Wc=l_l_+i_.L)_2 Y
Exe 2\EBxe Eyt Egzt E

Loy
”xzc=1._(El I 1)_2
Exe 2xc E_y't Bzt E

1
Pyze 101 . 2 _ 1)_'2""
Eyc 2(Eyc Bzt Exb E

1
“yxc=1(1 1, 1)_'3""
Bye 2\Bye g Byg E
Vexe:_af1 ., 1 _1\_2-7
Eze 2\Eze  Exg Ey’t E

1
Peye _1(1 _ 1, 1\_2°7
Eze 28z By Eyt E

i_y
Pyt _2f/2 , 1 _ 1)_

Ext 2Ext Eyc Eze E

1
”xzt___;_‘(l .1, a\_32-"V
Ext 2Exb Eyc Eze E

1
Pzt _1/1 1 1\_Z-V
Eyt  2\Eyt Eze Exc E

1
Hyxt 173 _ 1 , 1\ _2z2_7%
Byt ' 2@yt Epe  Bxe E

1
”zxr.=;(}:1+1_1 -
Ezt 2 zt  Exe Eyc E

1
Meyt 173 _ 1 1) _2-7
Ezt 2Bzt Eye Eyc E

NACA TN 3736

(46)
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These formulas for the individual values of p./E mey now be compared
with the values obtained from the tests. When this comparison is made,

it 1s found that Paye and P_xz_E are underestimated and Pxze
Exe Ext - Exe
and i:_x” are overestimated by the same smasll amount X; Vyze and _l-‘y-xt._

Xt Eye Eyy

are underestimated and Pyxe and _Pyz__‘l_;. are overestimated by the same

Eyc Eyt
small emount Y; and Pzxe ang EZE are underestimated ana LZYC
" Eae Ezt Ege
and szt are overestimated by the same small amount Z. Hence the trne
zt

expressions for the p./E retios are probably of the form

e _1f1 1 1)\ _F-V et a1, 1 _ 1\ _B-v_ ]
Eye Eyt Ezt E Ext 2 Bye Bge E
1

bage _2fL _ 1, 1\_E-Vv_4 Mgt _1f1 _ 1, 2\ _2°V o
Eye 2\Bxc Eyt Egt E Bt 2 Eye Eze E

L.y -y
l"'yzc=1_1_+_L___1_ -E + Y Enil-f—];—--];- ..2_...I
Eye 2 Ext  Bxt E By 2 Ege  Exo E D
byxe _af1 o1, 1\ _Z°Y _y Bt _af1 o1, 1)\ _E" V..
Eye —EEyc Ext Ext E Bep 2 Eze Exe E
b (1 , 1 _1\_B-¥ Poxt | 1(1 +_L_L)_}L”_z
Eze 2\Bze EBxt Eyt E Ezt 2\Bzt Exe EBye E

1
Baye a1 1, 1)\ _B-V_, Maye afa 1, 1\_3°V.,
Ezc 2\Eze  Ext Eyt E Egt, 2\Ezt  Exe Eyc E J
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Equations (A1) and (A2) still hold for this modified set of relationms,
as will be discovered by inspection. Note that, from equations (A7),

Maye Pyt _Myxe Myb _3f3 . 2 .31 .3 _ 1 _1)\_1-2v
Exe  Ext  Eye Eyt 2W¥xe Ext Eye Eyt Eze Egg E

This relation was used to compute the z-tension stress-strain curve for
the stainless-steel sheet. Values of the left-hand side were obtained
from figure 8 as the mean of the two curves. All the quantities on the
right-hand side are known except 1/Ezt, which could now be determined.

From the values of ]-/Ezt , the z-tension curve in figure 4 was drawn.

In order to determine the correction terms X, Y, and Z, the fol-
lowing set of conditions may be Ilmposed:

(a) The functions X, Y, and Z must involve differences of moduli,
because each ratio must reduce to equation (5) when the materlal is
isotropic.

(b) The functions must be symmetrical in tension and compression;
otherwise, Ll:qc/Exc could not be added to ”:qrt/Exb to give the cor-

rect result.

(c) The functions are of the nature of correction terms and thus
might be considered as arising from the difference between the stress-
strain curves in compression and tension (Bauschinger effect). Thus )

the functions might be expected to disappear in the absence of the
Bauschinger effect.

(d) The functions should probaebly disappear at large strains.

For an x-loading, a function of the. form

" 1(?_;:-ﬁ)-(fi?-ﬁ)

is obtained. Trials of functions of this type showed that they gave the
trend of the data correctly; indeed, if
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and the Poisson's ratios for the aluminum-alloy blocks and for the stain-
less steel are computed from the stress-strain curves, the dashed curves
The trend of the experimental curves is
As more data on widely different materials accu-~
mulate, modifications of these formulas may be suggested by the dsta.

in Pigures 5 and 6 are obtained.
fairly well duplicated.

At lerge strains, the Poisson's ratios would be approximated by the

formulas:

Hxye

Kxzc

Hyze

ZXe

Hzye

ol [

B~

+

-

=

V] |

i

N L
™ "

H

o) Lo

o] | o
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Ext

Eye

Ext

Eye

Eyt

EZC

Eyt

EZC
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If the stress-strain curves are such that, for exsmple, Ey /Eyc

and Ext /Ezc tend to become constants at large strains, it is easy to
see the reason that Pyt /“xzt would also become a constant at large
strains as reported In references 2 and 3.
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Figure 2.~ Instrumentation for obtaining Polsson's ratios on sheet materials
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(¢) Losding in z-direction.

Figure 5.~ Concluded.
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(a) Loading in x-direction.

Figure 6.- Values of p and u/E in the rolling plane of type 301
stalnless-steel sheet for compression and tension loading.
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(b) Loading in y-direction.

Figure 6.- Concluded.
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Figure T.- Comparison of experimental and calculated volume-change func-

tions for 2024-T4 aluminum-allioy blocks.
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Figure 8.- Comparison of sume of p./E for tension and campression of
x-loading and y-loading with type 301l stainless-steel sheet. Indi-
vidual values of p/E from figure 6.
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